We show that the vacuum structure of a generic multi-Higgs-doublet model shares several important features with the vacuum structure of the two and three Higgs-doublet model. In particular, one can still define the usual charge breaking, spontaneous CP breaking and normal (charge and CP preserving) stationary points. We analyse the possibility of charge or spontaneous CP breaking, by studying the relative depth of the potential in each of the possible stationary points.
A drawback of these models is that they involve a large number of parameters. For example, the scalar potential of the most general two-Higgs-doublet model (2HDM) involves 14 real parameters, while the potential which explicitly preserves CP involves 10 parameters (these may be reduced to 11 and 9, respectively, through suitable basis choices). Given the large number of parameters present in these models, a variety of methods have been developed in order to restrict the parameter space, some related to the vacuum structure of the scalar potential. Recently, some interesting features of the vacuum structure have been obtained for the particular case of the 2HDM [1] . Namely, it was shown that, whenever a normal -charge and CP conserving -minimum exists in the 2HDM, the global minimum of that potential is the normal one. Moreover, it was shown that the depth of the potential at a stationary point that breaks charge or CP, relative to the normal minimum, is related with the squared mass matrix of the charged or pseudoscalar Higgs (evaluated at the normal minimum), respectively. Recent work on these subjects may be found in [2] . In this work we will analyse how these conclusions may, or may not, be generalised to the case of a potential with N Higgs doublets.
The paper is organized as follows. In section II we introduce our notation and prove one of our main results: that the vacuum structure of a generic multi-Higgs-doublet model may be reduced to vacua involving only two or three doublets. This is accomplished through a series of basis transformations, for which the potential is invariant, even if its parameters are not. We discover that the study of possible charge breaking (CB) vacua is more easily done in a basis where only three out of the N doublets have non-vanishing vacuum expectation values (vevs). For CP violation, the appropriate basis is even simpler: only two doublets are non-zero. In section III we compute the values of the potential at the charge breaking and normal vacua and compare their values. We study whether it is possible to obtain charge breaking minima deeper than a normal minimum. In section IV we repeat this procedure, but now for CP breaking vacua. We present our conclusions in section V. Appendix A provides a basis and gauge independent definition of the CB vacuum, while appendix B contains a specific example of a three Higgs-doublet model for which the CB vacuum lies below the normal vacuum.
II. THE SCALAR SECTOR OF A GENERIC N-HIGGS-DOUBLET MODEL
A. The scalar potential
In this article we follow closely the notation of Refs. [3, 4] , where more details may be found -see also [5, 6, 7, 8, 9] . Let us consider a SU(2)⊗U(1) gauge theory with N Higgsdoublets with the same hypercharge y = 1/2, denoted by
where ν i are their vacuum expectation values (vevs), and i runs from 1 to N. In all that follows, we will use the standard definition for the electric charge: Q = T 3 + Y , meaning that all vevs in the lower components of the doublets are electrically neutral. With this definition, a vacuum with all upper components of the vevs equal to zero, ν u i = 0, does not break the charge symmetry.
The scalar potential may be written as
An analysis of the potential with such a complicated vev structure would be too difficult to perform. We will now show how, using the freedom to choose a basis for the Higgs doublets, one manages to simplify immensely this study. We start by performing a unitary transformation on the last two Higgs fields according to
With this transformation, the vevs of the last two fields become
respectively. We have thus succeeded in removing the upper component of the vev of the last Higgs field. Moreover, the upper component of Φ ′ N −1 became real and positive. We can continue with similar transformations, applied to successive pairs of Higgs fields, until the corresponding vevs become
Notice that ν We may now repeat the exercise with the lower components. Indeed, through the trans-
we can change the vevs of the last two Higgs fields in Eq. (13) into
respectively. This eliminates the lower component of Φ ′ N and makes the lower component of Φ ′ N −1 real and positive. We may continue with the other down components, until we reach the following vev structure If, after all these basis transformations, we are left with a vev structure for which ν u 1 = 0, then the vacuum breaks electric charge. As in the 2HDM, we may now utilize the gauge freedom in order to bring the vevs into the final form [11]
where δ c is a phase, while α, v c1 , and v c2 are positive real numbers. This, then, is the simplest form one can find for a CB vacuum.
However, we are interested in comparing the value of the potential at the CB vacuum with its value at the normal vacuum. Therefore, we must find out what is the form of the most general normal vacuum, in the basis in which Eq. (17) is written. Clearly, given our definition of electric charge, it will have all ν u i = 0. A generic charge-preserving vacuum, then, will have the form
We emphasise that these ν d i are not the same as those appearing in Eq. (10). However, we can now apply the same method we used previously to bring the normal vacuum to a more manageable form. Through a transformation analogous to that of Eq. (14), we can set the last doublet to zero. Notice that this basis change does not involve the first two doublets, so the charge-breaking vacuum structure, Eq. (17), remains unaffected. Successive basis transformations may be applied that do not change Eq. (17) but set to zero the lower component vevs of Eq. (18), until one is left with the final normal vacuum structure,
If we try to perform another basis change to set |ν d 3 | to zero, we will destroy the simple form for the charge-breaking vevs, Eq (17). We denote by the "B-basis" the basis where the charge breaking vevs have the simple form of Eq. (17) and the normal vacuum vevs, the form given by Eq. (19). The B-basis is appropriate to study the possibility of charge breaking vacua. This result shows that the study of charge breaking for an N-doublet potential is reduced to the analysis of the three-doublet situation.
C. A simple basis to study CP breaking in the NHDM with explicit CP conservation We are also interested in the possibility of CP being spontaneously broken in N-Higgs doublets models. In this case we cannot simply choose the most general NHDM potential -we must make sure that that potential does not break CP explicitly. In appendix A of [9] , Gunion and Haber invoke CPT and T 2 = 1 (where T is the time-reversal operator) to
show that: "The Higgs potential is explicitly CP-conserving if and only if a basis exists in which all Higgs potential parameters are real". We therefore consider one such basis for our NHDM potential: all of its parameters are real and it explicitly preserves CP.
Given our definition of electric charge, the most general charge-preserving vacuum (CP violating or not) will be of the same form as Eq. (18). Our starting point, however, is not the basis in which we wrote Eq. (18), but rather a generic basis for which the parameters of the potential are all real. It is now convenient to ensure that all basis changes do not introduce complex parameters in the potential. This means that we are restricted to orthogonal basis transformations. Even with this restriction we are still able to simplify immensely the study of the NHDM potential. This is accomplished through two series of steps:
1. We start with an orthogonal transformation on the last two Higgs fields according to
This eliminates the imaginary part of the vev of the last Higgs field. We can continue with similar transformations, applied to successive pairs of Higgs fields, until the corresponding vevs reach a structure of the type 2. We continue with the orthogonal transformation on the last two Higgs fields real and positive. We can continue with similar transformations, applied to successive pairs of Higgs fields, until the corresponding vevs reach a structure of the type
where Re ν Let us then suppose we started with a normal vacuum, and that we employed the basis transformations described above until the vacuum structure was reduced to Eq. (23), with real vevs ν
Because the remaining vevs are real, we can perform a final basis transformation on the first two fields
bringing their vevs into the form
where
, and all remaining doublets are zero. This is known as the "Higgs basis" for the normal vacuum in the 2HDM [3, 4] .
However, we are interested in comparing the value of the potential at the normal vacuum with its value at a CPV vacuum. Therefore, we must find out what is the form of the most general CPV vacuum, in the basis in which Eq. (25) is written and with the definition of electric charge we have adopted. It will be of the form of Eq. (18), with new vevsν
Because the normal vacuum has been reduced to the form of Eq. (25), where only the first doublet is different from zero, we can apply the steps 1 and 2 detailed above for this new vacuum and again reduce the CPV vacuum to the form The S-basis is very useful because, when using it for the normal minimum, the Goldstone bosons are isolated as the components of ϕ 1 , while the other ϕ i (i = 2, · · · , N) contain other charged and neutral scalars fields [3, 4, 5] . Indeed, in the S-basis
where G + and G 
where we identify
and the superscript N indicates that these mass matrices have been evaluated at the normal vacuum.
Using Eqs. (3), one can show that the matrix (M 
is symmetric. Moreover, the matrix (M In what follows the vevs, the parameters µ ij , and λ ij,kl are all written in the S-basis; it is important to understand that changing the basis would change the vevs, but also the parameters µ ij and λ ij,kl [3] . We find,
Using the parametrization of the normal stationary point in the S-basis, shown in Eq. (25), on the stationarity conditions of Eq. (5), we find
But this coincides with the definition of (M 37) and, since this is a hermitian matrix, we conclude that the first row and the first column of (M Also, using Eq. (39) with j = 1 and Eq. (42),
To simplify, let us now consider for a moment the case in which all µ ij and all λ ij,kl are real. As we explained above, a CP-conserving NHDM potential falls under this category. In that case, (M 
III. THE CHARGE BREAKING VERSUS THE NORMAL STATIONARY POINTS
Throughout this section we will work in the B-basis, although it will be obvious that our final results hold in any basis. We assume that both the N and CB stationary points exist.
We will now compute the values of the potential at each of those stationary points. To that effect, we first recall the results of section II, where we showed that, in the B-basis, the vev structure of both stationary points is given by
Charge breaking vacuum (CB),
with all remaining doublets having vevs equal to zero. The parameter δ c is a phase, while α, v ci and v 3 are real, positive numbers. In general, ν 1 and ν 2 are complex. From Eq. (5), we obtain the stationarity conditions for the CB stationary point in the B-basis,
for i = 1 · · · , N and k, l = 1 , 2. Since we assume that the CB stationary point exists, α = 0 and its coefficient in Eq. (47) must equal zero. From Eq. (48), then, the coefficient of v c2 e iδc is also zero. As a result, the stationarity conditions at the CB stationary point may be written as
Let us now contract the indices {i , j 1 } with n † i n j 1 . This gives
and from here it is trivial to obtain
λ, it may well be negative, so much so that it overwhelms the positive contributions from
As an example of this possibility, we undertook a study of CB in the 3HDM for generic values of the parameters of the potential. For simplicity we considered the 3HDM potential without explicit CP violation. Our conclusions are as follows:
1. As in the case of the 2HDM, it is certainly possible to find combinations of {µ , λ} for which there are normal minima with a CB stationary point located above them.
2. However, unlike the 2HDM situation, we have found combinations of {µ , λ} for which both the normal and Charge Breaking stationary points are minima, but verify V
In Appendix B we give a set of numerical values of {µ , λ} corresponding to this situation.
In fact we obtain, from such parameter values,
A numerical minimization of the potential found no value below V CB H . To ensure that both CB and N are minima, we calculated the scalar squared mass matrices at both stationary points. Other than the expected zero eigenvalues (3 for the N minimum, 4 for the CB one) all the others are positive.
In conclusion, the study of charge breaking vacua in the NHDM reduces itself to the study of a 3HDM potential. And, for this one -and unlike the 2HDM case -there is the possibility of CB minima which are deeper than a normal minimum.
IV. THE CPV VERSUS THE NORMAL STATIONARY POINTS
Let us consider a Higgs potential with explicit CP conservation and no CB stationary points. As we showed in section II, it is possible, through a series of orthogonal transformations that preserve µ and λ as real (though changing its values), to reach what we called the S-basis, where a normal (CB and CP preserving) and CPV (CB conserving, CP violating) stationary points have vevs given by
CP-violating vacuum (CPV),
where v is real and at least one of {z 1 , z 2 } is complex. Unlike the CB case, we are able to reduce the study of CP violation in the NHDM to the analysis of only two doublets.
Throughout this section we will work in the S-basis. We now assume that both the N and we find
Specifying for i = 1 and rearranging the terms, we obtain
This can be viewed as a system of one complex (two real) equations in the two real unknowns µ 11 , and µ 12 . The solutions are easily obtained. One finds that
In addition, the stationarity condition at the normal minimum, Eq. (42), yields
We conclude that
We are now ready to calculate the difference between the value of the scalar potential at the CPV stationary point and the value of the scalar potential at the N stationary point. We start from the definition of the pseudoscalar mass matrix (M 
Subtracting both lines we find
In obtaining this result we have used Eq. (62), and we noticed that, according to Eq. (8),
Furthermore, we used the fact that Eqs. (25) and (45) imply that
Eq. (64) is the generalization of the results obtained in ref. [1] for CP violation in the 2HDM.
It can be shown, using the general definition of (M when N is a minimum, we will have
The result is strictly positive because the only zero eigenvalue of the matrix (M whenever a normal minimum exists it is certainly deeper than any CPV stationary point.
Notice that one can obtain a CPV stationary point which is deeper than a normal stationary point N. This occurs for parameters such that (M 2 I ) N 22 < 0. However, in that case N is not a minimum (although it is a stationary point).
V. CONCLUSIONS
We have studied the vacuum structure of the most general N-Higgs-doublet model. We have shown that, in order to compare the depth of the potential at a normal minimum with its depth at a CB stationary point, a basis may be chosen such that the vacuum structure mimics that of the 3HDM. Similarly, in order to compare the depth of the potential at a normal minimum with its depth at a CPV stationary point, a basis may be chosen such that the vacuum structure mimics that of the 2HDM.
This great simplification allowed us to generalize the results of [1] , showing that, whenever a normal minimum exists, it is certainly deeper than any CPV stationary point. However, we found one remarkable difference regarding CB: whereas in the 2HDM it is impossible to find CB minima below normal ones, that does not happen for the NHDM, with N ≥ 3. This raises the possibility of finding charge breaking bounds [13] for these potentials, which might improve their predictive power. Notice, however, that if the parameters of the potential are such that at the N minimum (in the B-basis) one has v 3 = 0, one recovers the 2HDM result for the NHDM potential: if such a normal minimum exists, it is certainly deeper than the CB one. This can be used as a sufficient condition to prevent CB from occurring in the NHDM.
It is interesting to note that Eq. (54) shows that the difference between the value of the potential at the CB stationary point and the value of the potential at the normal stationary point is related to the charged Higgs squared mass matrix. That relation is perfect for the 2HDM, but "spoiled" by the v 3 terms in Eq. (54) for the NHDM. Similarly, when the potential conserves CP, Eq. (64) shows that the difference between the value of the potential at the CPV stationary point and the value of the potential at the normal stationary point is related to the pseudoscalar squared mass matrix. Thus, the depth of a potential at a stationary point that breaks a given symmetry, relative to the normal minimum, is related to the squared mass matrix of the scalar particles directly linked with that symmetry. 
where 1 is the 2 × 2 unit matrix. This transforms Eq. (16) into Eq. (17).
[12] The demonstration is trivial, using the stationarity conditions for the normal minimum in in the main text. Using the methods developed in the first paper of [1] it is a simple matter to write down the squared mass matrices for the scalar fields. They are found to to have, other than the expected Goldstone bosons, only positive eigenvalues for both the CB and N stationary points, thus proving that both are minima.
